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Abstract : We study analytic function interpolating the multiple generalized Euler num- 
bers attached to x &t negative integers in complex plane and we consider the multiple p-adic 
/-function as the p-adic analog of the above function. Finally, we give the value of the partial 
derivative of this multiple p-adic /-function at s = 0. 

+-> 

Key words : Euler numbers, Euler polynomials, multiple generalized Euler numbers, 
multiple generalized Euler numbers attached to %■> multiple p-adic /-function 

1. Introduction 

Let p be a fixed odd prime number. Throughout this paper Z„, Q p , C and C p will, re- 
\Q . 

spectively, denote the ring of p-adic rational integers, the field of p-adic rational numbers, 

t" — ■ the complex number field and the completion of algebraic closure of Q p . Let N be the 

set of natural numbers and let v v be the normalized exponential valuation of C p with 

\p\p = p~ Up ^ p ' = p^ 1 . The Euler numbers in C are defined by the formula 

X' F(t) = - f — - = £>„-, for |t| < tt, see [1-6]. (1) 

& . 

It follows from the definition that E = \,Ex = -1/2, E 2 = 0,E 3 = 1/4, • • • , and E 2k = 
for k = 1,2,3, ••• . 

Let r G N. Then the multiple Euler numbers of order r are defined as 

^'w=(?Ti) r =f:^S'W<'- 

v / n=0 

Let x be a variable. Then the multiple Euler polynomials are also defined by the rule 

/ 9 \ r °° t n 

' n=0 

For / € N with / = 1 (mod 2), assume that x 1S a primitive Dirichlet character with 
conductor /. It is known that the generalized Euler numbers attached to %, E n ,x, are 
defined by the rule 

f xW = 2 E efl + 1 =^ En *nV (3) 

a=l n=0 



where \t\ < ?, (see [1]). 

In this paper, we consider the multiple generalized Euler numbers attached to \ in 
the sense of the multiple of Eq.(3). From these numbers, we study an analytic function 
interpolating the multiple generalized Euler numbers attached to x a t negative integers in 
complex number field. In the sense of p-adic analog of the above function and give the 
values of the partial derivative of this multiple p-adic /-function at s = 0. 

2. Analytic functions associated with Euler numbers and polynomials 

(r) 

We now consider the multiple generalized Euler numbers attached to %, En,xi which 
are defined by 

x w /_^ ( e ft + iy Z^ n,x n \ y i 

ai,"- ,a r =l n=0 

By (2) and (4), we readily see that 

/-i 



E& = r £ (-D^ a 'x(ai + - + a r )^)( 0l + y + af ). 



(5) 



For s G C, we have 






(6) 



111,--- ,»2 r =0 



where x ^ 0, — 1, — 2, ■■■ . From (6), we can consider the multiple Euler zeta function as 
follows: 

By (1), (2), (5), (6) and (7), we easily see that 

( r (-n,x) = E^\x) for n £ N. 
By using complex integral and (4), we can also obtain the following equation: for s£C, 

niH hn r ^0 

where x is the primitive Dirichlet character with conductor / € N with / = 1 (mod 2). 

By (8), we define Dirichlet's type multiple Euler /-function in complex plane as follows: 

for s € C, 

- x( „ 1+ ■ + „,)(-!)■■■+■■■*- 

^ (m H h n r ) s 

ni,---,n r =0 
raiH hnr^O 



From (4), (8) and (9), we note that 

l r (-n, X ) = E$ x for n € N. (10) 

Let s be a complex variable, and let a and F be integer with < a < F and F = 1 (mod 2). 
Then we consider partial zeta function T r (s; Oi, • • ■ , a r |-F) as follows: 

l_\ \mi-\ — \-m r 

T r (s; ai ,---,a r \F) = 2 r £ -^ — — 

^— ' (mi H \-m r ) s 

mi,"',m r >0 

m,i=ai (mod F) (H) 

= (_l)«i+""H»rF- 8 Cr f «, - 1 "* '" ' "' 



F 

Let x(7^ 1) be the Dirichlet character with conductor / £ N with / = 1 (mod 2) and let -F 
be the multiple of / with F = 1 (mod 2). Then Dirichlet 's type multiple /-function can be 
expressed as the sum 

F 

lr(s,X)= X/ x( a i H 1- a r .)T T .(s;ai, • • • ,a r \F) for s € C. (12) 

ai,"- ,a r =l 
By simple calculation, we easily see that 

T r (-n; ai ,---,ar\F) = F n (-l)^ + -+ a "E^ (?1±__±^A for ^ n e N . (13) 

From (5), (12) and (13), we note that 

l r (-n, X ) = E$ x for n € N. (14) 

By (1) and (2), we have 



^) = £(?)^V-< = £(?)*£>*'■ 



(15) 



Z=0 x ' 1=0 

From (11), (13) and (15), we derive the following equation: 



T r ( g ;a 1 ,---,Q r |F) = (-ir+-+ Q '-(a 1 + --- + a r )- s f;(^ f —J-— \ E^ . (16) 

It follows from (12), (13) and (16) that 

F 

l r (s, X )= Y, X(ai + ■ ■ ■ + a r )(-ir^- +a ^ ai + ■ ■ ■ + a r y s 

ai,---,a r =l (~\7\ 

The values of l r (s,x) & t negative integer are algebraic numbers, and hence they can be 
regarded as numbers belonging to an extension of Q„. In the next section, we therefore look 
for a p-adic function that agrees with l r (s, x) a t negative integers. 



3. On a p-adic interpolation function for the multiple Euler numbers and its 

derivative 

In this section, we study the p-adic analogs of the Dirichlet's type multiple Euler l- 
function, l r (s,x), which were introduced in previous section. If fact, this function is the 
p-adic interpolation function for the multiple generalized Euler numbers attached to x & t 
negative integers. Let w denote the Teichmiiller character with the conductor f w = p. For 
an arbitrary character x, we set Xn = x w ~ n -, n £ ^> i n the sense of the product of characters. 

Let 

-1/ i a 

< a >= w (a)a 



w(a) 
Then we note that < a >= 1 (mod pL p ). Let 

Aj(X) = y d n jX , Q>n,j G ^pjj = U, 1, 2, ■ 
n=0 

be a sequence of power series, each convergent on a fixed subset 



of C p such that 



(1) a n ,j — > a n fi as j — )■ oo for any n; 

(2) for each s € D and e > 0, there exists an uq = no(s, e) such that 

I ^ a n,jS n \ P < e for Vj. 



n>no 

In this case, 



lim Aj(s) = A (s), for all s G D. 



This was used by Washington ([6]) to show that each of functions w s (a)a s and 



.raj \ a ' 

m=0 



where F is multiple of p and / and B m is the m-th Bernoulli numbers, is analytic on D 
(see [6]). 

Let x be a primitive Dirichlet's character with conductor / G N with / = 1 (mod 2). 
Then we consider the multiple Euler p-adic /-function, l P! r(s, x) 5 which interpolates the 
multiple generalized Euler numbers attached to x a t negative integers. 

For / G N with / = 1 (mod 2), let us assume that F is a positive integral multiple of 
p and / = f x . We now define the multiple Euler p-adic /-function as follows: 

F 
hA s iX)= Yl X{ai + ■ ■ ■ + a r ) < a x + ■ ■ ■ + a r >- s {-l) ai+ - +ar 

(18) 



oo 

-S 



■m=0 v ' x 



From (18), we note that l Pt r( s ,x) 1S analytic for s € D. 
For n € N, we have 



E£l = F n £ E P ( Ql + " p + ° r ) Xn(oi + • • • + o r )(-ir + - +B -. (19) 

ai,"- ,a r =0 

If Xn(p) 7^ 0, then (p, / Xn ) = 1, and thus the ratio F/p is a multiple of f Xn . 
Let 

Jo = •{ I ai + • • • + a r = (mod p) for some Oj GZ with < a^ < F 

{ P 

Then we have 

F n E 4 r) ( Ql + " p + Qr ) Xn(ai + • • • + a r )(-l)" 1+ - -+°- 

ai,---,a r =0 

p|a 1+ ...+a. 

(r) ( P 



P n {-) Xn(p) E Xn(/3)("l) /3 4 r 



ai,-" ,a r =0 

/3G/o 

From (20), we define the second multiple generalized Euler numbers attached to x as follows: 

F/p 



/? 



(21) 



<!=(fV E XnG9)(-l)^« 

^' Ol,-,Or=0 

peio 
By (19), (20) and (21), we easily see that 

E£l-p n Xn(p)E<: x { 
= F« E X B (ai + --- + o r )(-ir^4 r) ( ^^ ^ (22) 

ai,"' ,<Jr=l 
pfaiH \-a r 

By the definition of the multiple Euler polynomials of order r, we see that 

k 



£ m (*±^±* ) = F -» (oi + . . . + . r g (») (_f_) , 

From (22) and (23), we have 



(23) 



E { nl in -p n Xn{p)E* n { $ n = E (ai + --- + a r ) n X n(a 1 + ---+a r )(-l 

L 
r 

E ( k ) ( «, + ... + „._ E * • 



.OlH hfflr 

cti,--- ,a r = l 

p\ai+-+a r (24) 

n / \ / r^ \ k 



k=0 



By (18) and (24), we readily see that 
V( _n 'X) 

F 

= Yl (en + ■ ■ ■ + a r ) n Xn{ai + ■ ■ ■ + a r ){-l) ai ~ 



p\ ai +-+a r (25) 



E — - — ^ r) 

m=0 v ' v 



Therefore, we obtain the following theorem. 



Theorem 1. Let F be a positive integral of p and /(= f Xn ), and let 

F 

l P ,r(s,x)= E x ( ai H ha r )<aiH ha r >" s (-l 



s / -I ^aiH ha r 



ai,-" ,a r — 1 

oc 

X 



E — £ — E ^- 

ra=0 x ' v 



Then l Pt r(s, x) 1S analytic on D. Furthermore, for each n £ N, we have 

l Ptr (-n,x)=E^ Xn -p n X n(p)E^ x l 



Using Taylor expansion at s = 0, we get 

-A (-D m 



ml m 



s^ if m > 1. (26) 



m > 



From (26) and Theorem 1, we obtain the following corollary. 

Corollary 2. Let -F be a positive integral multiple of p and /. Then we have 

d F 

^V(0,X)= E x(ai + --- + a r )(-ir + - +ar (l-log p ( ai + --- + a r )) 

(aiH ha r ,p)=l 

+ E x(ai + • • • + 0r )(-ir+-+ a - x: ^-^- ( t V ) ^ r) 

ai,---,a r =l ra=l x ' 

(aiH ha r ,p)=l 

where log p x is denoted by the p-adic logarithm. 
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